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Fast-Fourier-Transform Method for
Calculation of SAR Distributions in Finely
Discretized Inhomogeneous Models of
Biological Bodies
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Abstract — The paper describes a novel iterative approach for calcula-
tions of specific absorption rate (SAR) distributions in arbitrary, lossy,
dielectric bodies. To date, the method has been used for 2-D problems
where its accuracy has been confirmed by comparison with the analytic
solutions for homogeneous and layered, circular, cylindrical bodies. With
computation times that are proportional to Nlog, NV rather than N2 to N3
for the method of moments, the present approach should be extendable to
3-D bodies with N =104 to 10° cells allowing, thereby, details of SAR
distributions that are needed for EM hyperthermia, as well as for assessing
biological effects.

I. INTRODUCTION

ONSIDERABLE PROGRESS has been made in the

last ten years in quantifying whole-body absorption of
electromagnetic energy by human and infrahuman models
[1], [2]. Whole-body absorption has been obtained for
plane-wave irradiation and for cases with simple physical
environments, such as the presence of ground and reflect-
ing surfaces in close proximity. On account of complexity
and the varied nature of electromagnetic fields in close
proximity to a source, only a limited amount of work has
been done in quantifying energy doses under near-field
conditions of irradiation. Reasonable progress has been
made, however, in obtaining mass-normalized rates of en-
ergy absorption (specific absorption rates or SAR’s) for
leakage-type fields, such as those emitted by RF sealers [3]
and for simple coupled-type sources, such as dipoles [4],
[5]. Advances in dosimetry have had an important role in
the formulation of a new frequency-dependent safety
standard in Canada [6] and a revised 1982 safety guide [7]
recently approved by the American National Standards
Institute (ANSI).

Even though much progress has been made in the area of
whole-body dosimetry, distributive dosimetry, which is
highly relevant to the understanding of biological effects, is
in a relatively primitive stage. The method of moments [8],
[9] has been used to solve for SAR’s in 180- to 340-cell
inhomogeneous models of man involving fairly large-size
cubic cells with widths on the order of 6-8 cm. Even
though the whole-body and even regional values of the
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SAR’s are quite reasonable, individual SAR’s for the vari-
ous locations within the body bear no resemblance to the
experimentally determined values, With the method of
moments, one solves for the unknown E-fields (3 compo-
nents, magnitude and phase) in N cells by solving a large
set (3N X 3N complex) of simultaneous equations, which is
quite time-consuming, as computation time increases as N*
to N3, and computer storage requirement increasing as N 2.
This paper describes a numerically efficient fast-
Fourier-transform (FFT) procedure for calculation of local
SAR’s in finely discretized inhomogeneous bodies. The
method has, to date, been used for 2-D problems, including
test cases of homogeneous and layered, lossy, cylindrical
bodies for which analytical solutions [10] are available to
provide comparisons. With computation times that are
proportional to Nlog, N, and with computer-storage re-
quirements proportional to N, the FFT method may be
extendable to 3-D bodies with 10000 to 100000 cells,
allowing thereby extension to higher frequencies as well as
to finer detail in SAR calculations than heretofore possible.
With the resulting detail, it should be possible to calculate
SAR’s for the man models in crucial regions, such as the
eyes, the gonads, subregions of the CNS, etc., and for rat
models the distributions that will allow the experimenters
to focus on the exposure conditions in which energy de-
positions are maximum in the critical organs. A detailed
knowledge of the SAR’s is also needed to calculate the
temperature distribution that plays an important role, not
only in assessment of biological hazards, but also in
electromagnetic hyperthermia for cancer therapy.

II. DESCRIPTION OF THE METHOD

The numerical method presented in this paper is a
combination of the K-space method [11} and the method of
steepest descents [12]. In this section, the mathematics of
the method will be developed for the case of Z-polarized
illumination of an arbitrary 2-D dielectric body in the xy
plane. Given this geometry, the vector electric-field integral
equation simplifies to the scalar integral equation

1 jk2 ’ /
Ez(x’ y)=Ez(xa y)-—'—zqff(cp’_l)'Ez(x » Y )
HP (kyR) dv'dy’ (1)
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E_ the total electric field,
E! the incident electric field,
€, the complex permittivity of the lossy dielectric at p’
relative to the permittivity €, of free space,
k, 1s the free space propagation constant,
R |p—¢| p = field point position vector,
p’ = source point position vector, and
s surface of 2-D scatterer.

To solve (1), the integral is first discretized into a sum-
mation, as in Richmond’s moment method [13]

2N 1 M-1
E:(nqm)=E;(n,m)— 2 L L (-1
Bl ) [[ | HE (koRy) 'y’ (2)

where

R, = [(x’— xnm)2+ (y’— ynm)z] 1'/2.

The double sum is used, rather than the single sum, of
the moment method to preserve the convolutional nature
of the equation. The integrals in (2) can be integrated
analytically by replacing the square cells with circular cells
of equal area. Let

K(i—n, j— m)——-]k—off

cell y

HP(k,R,,,) dx'dy’.

3)
Then, (2) becomes

E,(n,m)=E/(n,m)
N-1M-1

+ X Z(

1=0 ;=0

~DE(i, K (i=n, j=m). (4

The K-space method is based on the observation that the
double sum of the right-hand side of (4) is a 2-D discrete
convolution of the sequences (¢,, —1)E, (i, j) and K(i. /),
and therefore can be efficiently computed by use of a 2-D
FFT algorithm. Since the FFT method computes a circular,
rather than a linear, convolution, the FFT lengths must be
chosen as 2N and 2M to ensure that the convolution is
linear inside the dielectric [14]. In effect, this choice of FFT
lengths decouples the fields, due to the periodically re-
peated scatterers introduced by the discrete Fourier trans-
form of the current density. This choice of lengths thus
obviates the need for large periods, which would otherwise
have restricted the number of cells that could be ascribed
to the scattering (biological) body.

The convolution theorem is used to evaluate the sum in
(4) in a numerically efficient manner. Clearly, this compu-
tation can also be implemented by matrix multiplication by
linearly ordering the 2-D sample points (as in the method
of moments). This allows (4) to be reformulated as a

matrix equation
E.=E'+ KDE. (5)

where D is a diagonal matrix containing the dielectric
properties and K is a matrix containing the elements
defined in (3). It should be mentioned that the matrix
operations indicated in (5) are not implemented by matrix
multiplication (an N? operation), but by first multiplying
the 2-D E, field by the (e, —1) field, and then convolving
the resulting current-density field with the 2-D field de-
fined by (3).

In Bojarski’s K-space method [11], (5) is solved by the
iterative scheme

E/" = E! + KDE™
E:(n+1): (XEZ/(”)+(1— (X)Ez(n)

where E(™ is the nth iterative approximation of E, and « is
a relaxation factor used to improve convergence. This can
be rewritten as

E("* V= [(1- )T+ aKD]E. + «E!. (6)
This iterative scheme has the general form

XD = Bx(m 4 ¢
of a stationary iterative method. It can be shown [15] that
such an iterative method will converge for an arbitrary
initial x© if and only if

p(B)=max[A,(B)| <1
1gign

where
p(B) = spectral radius of B

A, (B) = i™ cigenvalue of B.

This condition imposes a limit on the size parameter ka
of the problems that can be solved by this iterative scheme.
We have found that for the 2-D case of a 27.6-cm-diam
cylinder with tissue dielectric properties corresponding to
100-percent muscle, this condition limits the convergence
of (6) to frequencies less than 50 MHz for plane-wave
illumination.

To alleviate this convergence problem, we have modified
the method to implement a steepest descent iterative scheme
described by Sarkar and Rao [12]. The iterative scheme for
solving an equation of the form 4Ax = y is given by

A= = y||?
(Ax" =y, A Ax™ = y])

£ (D = O

[Aex("’—y]

(7

where, In our case
A= (I'-KD)
x(n+l)=E:(n+1)
x"M=E®

y=E.
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The iterative scheme defined in (7) can be implemented
by use of the convolution theorem in the manner previ-
ously described to compute (5) by (4) and the 2-D FFT
algorithm. This modification of the K-space method ex-
tends the frequency limit of the 2-D problem described
above to 500 MHz. Also, the number of iterations to
converge the 50-MHz problem has reduced from 200 itera-
tions for (6) to 10 iterations for (7), with 120 iterations
required for the 500-MHz case. The computer time per
iteration for (7) is approximately double that for (6).

IIL

To date, we have checked the procedure for the follow-
ing three cases:

a) Homogeneous “infinite” cylindrical bodies of differ-
ent permittivities, including those corresponding to 100-
percent muscle [16], [17]. The fields incident on these
bodies have been assumed to be due to plane waves or due
to line sources in close proximity.

b) Layered “infinite” lossy cylindrical bodies with inci-
dent fields corresponding to those.of plane wave or line
sources.

¢) An inhomogeneous body with the cross section corre-
sponding to that containing the liver [18] for a human
being (see Fig. 5).

As one of the cases for the category a) problems, a
homogeneous, lossy, circular cylinder of diameter 2a = 27.6
cm (approximate human girth) was considered. This prob-
lem can be solved analytically [10], which allows us to
check the accuracy of the FFT approach. Figs. 1 and 2
compare the FFT results with the analytic solutions for a
number of frequencies, from 40.68-433 MHz, with the
dielectric constant and conductivity values taken as those
of muscle tissue at the respective frequencies. The FFT
results compare well with the analytic solutions.

For a test case representative of the layered bodies
(category b) above), a two-layered cylinder is considered.
The inner-layer radius is a /2 (2a = 27.6 cm). The dielectric
constant for the outer layer is 10, with a conductivity of 0.1
S/m. The inner-layer dielectric constant and conductivity
are double those of the outer layer. Figs. 3 and 4 compare
the FFT versus analytic results at several frequencies. As
with the homogeneous case, the FFT results agree favora-
bly with the analytic solutions (maximum relative error
< 4 percent).

Finally, representative of the category c¢) problems, an
inhomogeneous body with a cross section containing the
liver of a human body has been considered. Fig. 5 shows
the cross section and the 32X 32 grid into which the model
was discretized. The section was considered composed of
seven types of tissues—skin, fat, muscle, bone, kidney,
liver, and blood. A drawing of each of the tissue types was
made on a transparency, which was then read into a
256 X 256 disk file by an optical-image digitizer. The files
were then added together and a 32X 32 file was created by
averaging the 256 X 256 file over 8 X 8 blocks. The result of
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Variations along the direction of propagation (x aris)
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Fig. 1. Analytically calculated [10] internal E-field for a lossy homoge-
neous cylinder of radius ¢ =13.8 cm with dielectric properties of the
muscle tissue [17]. The distributions calculated using the FFT approach
are shown by dots.

Variations normal to the direction of propagation (y-axis)

217 Plane-wave incident field = 1 V/m

Frequency = 40 68 MHz
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Fig. 2. Analytically calculated [10] internal E-field for a lossy homoge-
neous cylinder of radius ¢ =13.8 cm with dielectric properties of the
muscle tissue [17]. The distributions calculated using the FFT approach
are shown by dots.

this procedure is that each square cell in the model con-
tains the average complex permittivity within the corre-
sponding cell of Fig. 5.

The model was solved for a 110-MHz plane-wave inci-
dent field, and for the individual tissue permittivities given
in Fig. 5. Sixty iterations were required to converge to the
solution. A graph of the obtained SAR distribution is
shown in Fig. 6. It may be noted that, as expected, there is
definite reduction of SAR’s in bone and fat. Also, a larger
SAR is obtained for the frontal section of the body. An
interesting point to note is the existence of high SAR’s in
regions of blood vessels and kidneys. This illustrates the
ability of the FFT method to provide high-resolution SAR
information.



358 IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. 32, NO. 4, APRIL 1984

Variation along the direction of propagation (x - axis)
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Fig. 3. Analytically calculated [10] internal E-field for a lossy, layered
cylinder of outer radius ¢ =13.8 cm. For 0<r<a/2¢,=20, 6 =02
S/m, and for ¢/2<r<a €,=10, 6=0.1 S/m. The distributions
calculated using the FFT approach are shown by dots.

variation normal to the direction of propagation (y- axis)
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Fig. 4. Analytically calculated [10] internal E-field for a lossy, layered
cylinder of outer radius ¢ =13.8 cm. For 0<r<a/2 ¢, =20, 0 =02
S/m, and for a/2<r<a ¢,=10, 6 =01 S/m. The distributions

calculated using the FFT approach are shown by dots.

IV. EXTENSION TO 3-D PROBLEMS

It is planned to extend the FFT method to 3-D prob-
lems. Thus far, the only technique available to compute
SAR distributions for models of man is the method of
moments (MOM). Because the MOM involves solving a
3N X 3N matrix equation (where N is the number of sam-
ple points), the number of operations needed to solve the
problem increases rapidly (as N2 to N?), restricting there-
fore N to numbers on the order of 90-170 cells. Based on
our experience with the FFT method, it appears feasible
that this method could be used to solve 3-D problems for
as many as 10% to 10° sample points in an acceptable
period of time. '

An obvious difficulty in solving man models with a large
number of cells is the creation of the model (locations of
the cells and their complex permittivities) itself. As an
alternative to the hand-drawn sections for the various
tissue types, we are experimenting with the use of a light
pen to read the contours of the individual tissues for the
various anatomical cross sections [18] of the human body
directly into the computer. Another problem to be solved is
the presentation of the results. Even though the isometric
plots, such as Fig. 6, are useful, further refinements may

lead to the use of a film writer to create grey-scale images

where the grey-scale density of the films are proportional
to the SAR’s at the respective locations.
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Tissue £ [
I. Skin 75 |1.19 R Blood
II. Fat 8.6 | 0.071
III. Muscle 74 1.19
IV. Bone 8.610.971 =T Bone
V.. Kidney 90 1.09
VI. Liver 80 179
VII. Blood 77 2.1

Fig. 5. A seven-tissue model of a human cross section through the liver
[18]. The dielectric properties were taken from [16].

Plane wave incident field = 1 V/m.

Frequency = 110 Miz

Maximal value of SAR
= 2.05 x 107 W/kg

Fig. 6. Isometric plot of the FFT-calculated SAR distribution for the
model of Fig. 5.

V. CONCLUSIONS

. The paper presents a novel approach for calculating
SAR distributions in arbitrary, lossy, dielectric bodies with
a detail that has heretofore been impossible. To date, the
method has been used for 2-D problems for which its
accuracy has been confirmed by comparison with homoge-
neous and layered, circular, cylindrical bodies that have
available analytic solutions. With computation times that
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are proportional to Nlog, N rather than N 2 to N3 for the
method of moments, the FFT approach should be extend-
able to 3-D baodies with 10 000 to 100 000 cells allowing,
thereby, calculation of SAR’s for the crucial regions such
as the eyes and the gonads. Detailed distributions of SAR’s
are needed to assess biological effects of electromagnetic
radiation. S
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Characteristics of Transmission Lines with a
Single Wire for a Multiwire Circuit Board

HISASHI SHIBATA AND RYUITI TERAKADO

Abstract —This paper presents the characteristic impedance Z; and the
phase velocity ¢, of transmission lines with a single wire for a multiwire
circuit board (MWB) under the quasi-TEM wave approximation. The
characteristics are discussed'for each of three investigated structures as:
(DH=h+r, IDH=h, and (IIH = h — r, where r, ki, and H are the
radius of the wire, the thickness of the dielectric (adhesive layer), and the
distance from the ground plane to the center of the wire, respectively. A
charge simulation method is used for the calculation of the parameters. Z,
and gy, are presénted in graphical form for adhesive relative dielectric
constants €* of 1.0, 2.65, and 5.0 as a function of #/k. An approximate
formula of Z, for the structure of case (II) with ¢* = 5.0 is also presented.

I. INTRODUCTION

HE MULTIWIRE circuit board (MWB) [1]-[4] has

become a center of attraction as a new technology for
the printed ,wiring board. The technology is simple to
design and offers the possibility of high interconnection
density. The manufacturmg process is described in [4]. The
cross section of an MWB with a single wire is shown in
Fig. 1. The electrical characteristics of the structure shown
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Cross section of a multiwire circuit board with a single wire.

Fig. 1.

in Fig. 1 are discussed in [2], [3]. In general, the experiment
based on the propagation delay [5] is used to obtain the
characteristic impedance. Therefore, it is very important to
present, theoretically, the design data for the impedance of
the structure shown in Fig. 1

For this purpose, we consider three structures as shown
in Fig. 2. The configurations of the structures are specified
by the parameters »/h and H, where r, 4, and H are the
radius of the wire, the thickness of dielectric (adhesive)
sheet, and the distance from the ground plane to the center
of the wire, respectively. Because the coating of wire and
the overlay in Fig. 2 have been neglected, the structures of
Fig. 1 and Fig. 2(a) are different in a strict sense. However,
when the thickness of the overlay is thin, the structure of
Fig. 2(a) is, approximately, a good model for the analysis
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